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ABSTRACT

Until now, ESOC employed single layer algorithms to describe ionospheric TEC 2-dimen-
sionally. Since the real ionosphere is a 3-dimensional phenomenon but not a 2-dimensional
one, the idea arose to establish a physically more realistic 3-dimensional model, based on a
Chapman Profile approach. The presentation of this new 3-dimensional TEC model will be
the task of this paper.

The new 3-dimensional TEC model represents the ionosphere’s electron density by a
simple Chapman Profile, whereby the layer of maximum electron degi#gts as scaling
factor and its heighihy as profile parameteNy andhg in turn are modeled as global single
layers. The 3-dimensional TEC model uses so called “leveled TEC observables”, derived
from dual-frequency GPS tracking data, for the determination of its model parameters in a
least squares fit. Beyond the evaluation of ground-based tracking data, the processing of
SST data is possible too.

INTRODUCTION

This paper will concentrate on the presentation of the basic mathematical algorithms that
were worked out to realize a 3-dimensional Chapman Profile TEC model. Numerical results
and analyses obtained during an application of the new model to TEC observation data over
a longer period of time, are presented in the paputine Production of lonosphere TEC
Maps at ESOC - First Resuft¢Feltens et al., 1998), which is also part of these IGS work-
shop proceedings.

The presentation of mathematical algorithms in this paper had to be limited to on over-
view only. A complete mathematical description of the 3-dimensional Chapman Profile
TEC model with all its background is given in (Feltens, 1998), and everything what can
only be shown roughly here, is described in (Feltens, 1998) in detail.

This paper will start with the attempt to express GPS-derived leveled TEC observables
mathematically in terms of a 3-dimensional TEC model based on a Chapman Profile. Since
TEC observables do not stand for discrete ionospheric electron density values at certain



points, but represent the integral over all electron densities along the satellite signal path,
solutions of the analytical integral over several forms of the Chapman Profile function will
be presented. The basic Chapman Profile model parameters are the maximum electron
densityNg and its heightg. They will be modeled as global single layers. Key points of
numerical applicability for practical use are geometrical aspects, the setting up of linearized
observation equations and the establishment of initial values needed for least squares fits.
Finally this paper will give some remarks on the estimabilityNgfandhg from pure TEC
observables and then close with a conclusion.

CONCEPTION OF A CHAPMAN PROFILE MODEL

A TEC observable can mathematically be described as follows:

SO, -B,)} = TEC, +Shel d +d) +¢ (1)
where
SE(&Jl—éz)ji carrier phase leveled to code observable or “TEC observable” measured
between satdllied ground station (or second satelljte)
S =9.52 [TECU/m)], multiplication factor for GPS signals, for details
see Equation (4.5) of TN-08 (Feltens, 1995a),
TEC]-i slant range TEC along signal path from satellite station (satellite),
SOc S.c = 2.85 [TECU/s] multiplication factor to convert from
[nanoseconds] into [TECU], for details see Equation (4.11) of TN-08,
d differential hardware delay of station (or second sateljit@ormally
given[manoseconds],
d' differential hardware delay of satellitenormally given ifnanoseconds],
€ TEC observation noise.

The Total Electron Content TEC is the integral of ionospheric electron deNgitglong
signal path:
TEC = J’Ne(s)ds (2)

]

According to (Cappellari et al., 1976, page 7-46), the electron deNgityan at any point
be represented as a function of heibliyt and peak electron densily;,, using a Chapman
Profile:

Ne@ = Ny 7270 with 22— (3)

where



Ne electron density at any arbitrary point along the Chapman Profile,
h height above Earth surface at whigpis wanted,

Nm maximum electron density of the Chapman Profile,

hm height of maximum electron density,, above Earth surface,

H scale height.

N, andhp, vary with the zenith anglg of the Sun, i.e. with day time (see e.g. Ratcliffe,
1972). At noon N, reaches its maximum arfg,, its minimum. And during the time from
sunset to sunrisk,,, has its maximum anbl,, its minimum. To achieve more generality it's
convenient to refer Equation (3) to the values tNg{ andh,, would reach at noon time.
With N.(x =0% = N, and h,(x =0° = h, Equation (3) can be expressed as follows in terms
of Ng andhg (Ratcliffe, 1972):

Ne(z) — NO [E(l—z—seQ( 3] with 7z = o (4)
where
X solar zenith distance,
Nog maximum electron density of the Chapman Profile referrgd=®°,
hg height of maximum electron densiy above Earth surface yat= 0°.

The Chapman Profile theory assumes the scale height to be constant along the whole profile
(Ratcliffe, 1972). According to (Cappellari et al., 1976) the scale height can be expressed as
a function ofhg as follows:

H = gt{3o+ 0.2(hy - 200)} = h°;50 [km] (5)

OnceNg andhg are known, Equation (4) can be used to calculate the electron density at
any point and height along the Chapman Profile. Putting Equation (4) into Equation (2) and
this into Equation (1) gives finally Equation (6) relating the Chapman Profile to the TEC ob-

servable:

i
SO®;-by); =NOIe‘1‘Z‘SeQ<[E Jds+SOc d +d) +e (6)
j

Next a relation between the integradd and the profile variable must be established: The
differential triangle in Figure 1 indicates the following relation between differential incre-
mentsdh in height andis in slant range direction:

_ dh
ds = ﬁ (7)

where



cosZ cosine of slant range zenith distance.

dh
Z ds

Figure 1: Differential triangle - relation between differential increnadmin height
and differential incremeats$ in slant range direction.

And from Equation (4) the following relation betwedn anddh can be derived:
dh = HOdz (8)

With the Relations (7) and (8) Equation (6) can thus be modified according to:

p2
SO®; - ®y);' = Ny H Dﬁ DJ’e‘l‘Z‘Se‘XE'3 Jdz+ SOc( d +d) +e (9)

Zj

The 1/cosZ-term can be understood as counterpart to the mapping functions used for
single layer models (see e.g. Feltens, 1995a).

For several versions of the Chapman Profile function analytical integrals were found. The

establishment of these integrals is presented in detail in (Feltens, 1998). Since such formu-
lae developments are out of the scope of this paper, only the final integral functions can be
presented here.

Analytical integral over the simplest form of the Chapman Profile function:
Ie(l_z_e_z)dz = 1= (20)

The Integral (10) was also comfirmed by (Cappellari et al., 1976), where it is inherent in the
Equations (7-146).

Analytical integral over theecx-form of the Chapman Profile function:
Ie(l_z_seq gz = cosy [p(l-sex (&) (11
Analytical integral over theecyx-form of the Chapman Profile function in terms of height
above ground: )
Doty o oty

a
[e oA dh = Hcosg e sex® ") (12)

Only thesecy-form of the Chapman Profile function is of relevance for further considera-
tions. Regarding the Integrals (11) and (12), Equation (9) can finally expressed as follows:



Z
~ ~ i 1- A ' .
SE(qnl—qaz)j':NOmD%[e( sexte) +SOel(d +d) +e (13)

Equation (13) is that final equation which relates TEC observables to the integral over the
Chapman Profile. Equation (13) is thus the base upon which the observation equations will
be set up.

REPRESENTATION OF Ng AND hg AS SINGLE LAYERS

Ng andh, are clearly coupled witly = Q°, i.e. with noon time (see Equation (4) above). So
the coordinate origin foNg / hg single layer development should be positionedLaP

local time, i.e. at the Sun’s maximum elevation above horizon. However, from ionosphere
observations it is well known, that the diurnal maximum of electron density appears with a
delay of abouR hours. This effect has been accounted for in the software by calculating the
Sun’s position vector with a delay @ hours in such a way, that au" the Sun’s position

of 12" enters into the processing.

The software tests have shown thif can be best modeled with a GE-function (Feltens,
1995b). And these software tests also confirmed the method of computing the solar
ephemerides with & hours delay, since the maxima of the fittdg-GE-function and the
Chapman Profile geometry ruled lxydid coincide under these conditions, thus causing
therms to minimize.

To modelhg, special functions had to be worked out which folggto get values in a
predefined height range only. Two basic aspects had to be considetggisthall be mod-
eled as smooth surface. 2) The surface functions should be designed so, that they can only
reach values within predefined height limits. Sifggis referredy = 0°, i.e. noontime, of
the daily height variation, only the noontime values are of relevanchdoihus ignoring
the daytime depencendyg should only show variations depending mostly on solar activity.
Expressed in numbers, these variations are in the ran@50f< hg < 400 km. However,
the software tests have shown that the allowed height range should be set even narrower and
slightly higher thard00 km:

ho ~=400km ho = 450km Ahg = hy —hy = 50km (14)
In operational use the allowed height range, as defined above in (14), should be adapted to
the actual solar activity from time to time.

Of several candidates tried out, only the following approach, which appeared to be the
most promising function to represeing, is shown here. (Feltens, 1998) gives a complete
overview over all candidates that were tried out figrmodeling. The best candidate is a
sin-function enclosing another functidiix,y) as its argument. Thsin-function restricts
the output values always to the rangecvalues1  , and the internal funétioy) causes -



if not linear - the unknown parameters not to be a affected Byrdias, the period of the
sin-function, which could make convergence unstahblgis then established by a proper
scaling of the extendezin-function:

Ah
hg = & Y) = hy  +— O 1+sin[f(x Y]} (15)

Instead of asin-function, acos-function could have been used too. But, since both should
be equivalent, only thein-function approach was implemented into the software.

Of several candidates the one shown in Equation (16) was chosen for the inner function
f(x,y). The first termc sin(x+y) has been included to enhance numerical stability:

f(x,y) = COBin(x+y) +v, [Binx [Tosx + M, Osinx [cos™ + vy Dsinzy (cosy + Hy Csiny [boszy
with (16)

C = 0.001 numerically small constant

And the arguments andy are defined as follows:

+90° = x = -90° , X =
bm (17)
0°<y<180° , y=1/2
where
bm geomagnetic latitude
T local time.

The extendeain-function approach in the form presented above allows for the estimation
of exactly 4 coefficients,, u, v, . A generalization of Function (16) appears possible, but
was not considered further. This might be a subject of future model extensions.



NUMERICAL REALIZATION

Integration of the Chapman Profile Formulae

Earth

Figure 2: Change of zenith distari€avith heighth.

In order to prepare the formulae of the preceding chapters for practical use, several aspects
had to be considered:

1) The Integrals (11) and (12) were established under the assumption of plane stratified
lonosphere layers, i.e. the satellite and solar zenith artykesd x were assumed to be
constant and independent of height - but the real ionosphere is, like the Earth, in first
approximation a sphere.

2) The 3-dimensional TEC model shall also be usable for satellite-to-satellite tracking
(SST) data. In the case of ground-based GPS tracking it is obvious that ionospheric
signal delays can be expressed by one Chapman Profile. - However, at SST applications



geometrical conditions can arise, at which an ionospheric delay must be expressed by the
sum of two Chapman Profiles.

3) (Feltens, 1995a, Section 5.3) presents a method to determine position vectors of satellite
signal intersection points through the layer of maximum electron density. This algorithm
assumes the shell height to be globally constant. However, the new modeligeass
single layer, i.e. there are variations in height, depending on geographic position. So the
formulae of (Feltens, 1995a) must here be used in an iteration loop to find an intersection
point through théNg-layer.

Figure 2 shows how the satellite zenith distad@aehanges with height. The signal path is
described by the range vectgr=r--r, . In order to account for the changing satellite
zenith distanc&, the following integration rule is exploited for Chapman Profile integration
(see e.g. Bronstein and Semendjajew, 1979):

d b c d

J'f(x)dx = J’f(x)dx+J'f(x)dx+J'f(x)dx , a<b<c<d (18)
a a b c

The signal patts along which to be integrated is thus subdivided into equidistant intervals
AS. However, the signal path length is normally not an integer number of a predefined inter-
val AS. So the *“actual integration step widihs is defined as follows:

nstep= in%%%+ 1 and As = nsst‘.ep [km] (19
where
S slant range, identical with the amoupit  of the range vector above,
AS “nominal integration step width”,
nstep number of integration steps,
int function corresponding to Fortran INT, i.e. cutting off the decimal digits,
As “actual integration step width”.

Integration is now done, starting at the lowest point of integration path and going upwards
in steps ofAs to the highest point, in the way that at the beginning and ending of each inter-
val As the position vector% on the slant range are determined:

=i+ pDﬁsEg , p=12.. nstep 20
P g

where (see Figure 2)

[ position vector of an integration step beginning/ending point on slant range,
i position vector of the lowest point of the integration path,
instep position vector of the highest point of the integration path,

p range vector defining slant range signal nﬁth ﬁ —rz ,



As “actual integration step width”,
p running integration step number,

nstep total number of integration steps.

Making the dot product of a position vectcir with the range vegtor gives the cosine of
the satellite’s zenith distan@g, at that poinp on the slant range:

COSZp =P (21)

ol e

And from the cosine values of two successive p@rasdp-1 the means are built:

>
ip P
N

p

COSZ, 4, = %E(coszp_l+ COSZ ) (22)
What was shown in Figure 2 for the satellite zenith distance is in a similar way also valid for
the Sun’s zenith distance So the solar zenith distance is handled in the same way as the
satellite zenith distance was treated above: At each p@int wiesg,, is computed,
cosy, Is calculated too:

e
_ipMrg—ip) 3
COS)(p Py ( )
o tro -y
where
N
g the Sun’s position vector.

The mean value being valid for the integration step between two successive paints
p-1is then:

_1 _
COSXp_1,p = 5 L{COSKp_1 + COSp) and SeXp_1.p = YCOSXp 1 p (24)

On the other hand there is a significant difference between handling satellite zenith distanc-
esZ and solar zenith distancgs Close to the terminator the Sun’s zenith angle becomes

X = 909, and beyond on the nightsige> 90°. This causes thsecx-term to become infi-

nite at90° and to change its sign beyond. The software tests have shown, thatwen
approaching®0°, it should be frozen from a certain limit on for the whole nightside to a
constant value. Of several values tried gut 70° was found to be the best limit angle, i.e.

for TEC modeling it is assumed that the electron content enclosed by the Chapman Profile
does not go below that gf= 70° for the whole nighttime:

If X >70° 0 set x = 70° (25)

The software tests have shown that the Chapman Profile integration should be restricted to a
height range 060 - 2000 km. As appropriate step widthS = 50 km was identified.

Before starting the integration, the software reduces integration path to that part of the
whole slant range from ground station to satellite, which lies in that height range.



Establishment of Linearized Observation Equations

In order to obtain the partials with respect to the unknows Equation (13) is written here
again, now with the functional dependencies explicitly expressed:

Ay H)

S[®y-y);' = Nom(ho)D(‘g’—:éEe(l‘sewe )L +SOcd+d)+e
and (26)
_h-h _ho—
2y Hihg) = Fre H(bg =

The unknowns to be estimated in Equation (26) are the single layer coeffisignts h,,and

to represeniyN,) andynh,,) ,and the differential code bias vadijlaﬂdd' For the single

layer coefficientsn,, and,, the partialBsqo,-d,)}/aN, angs (&, - ,)} /oh, are
needed anyway, and then the partialg/on,, aamg)/oh, are attached via chain rule to
obtain the required partial®{sq®; - ®,)}/oN,,  amgdsqe, -d,)}/oh,,,  with respect to the
unknowns needed for the observation equations. Knowledge of the partials
d{ S P, - D,)} /N, ando{S®, - d,)}/oh, thus allows for the establishment of the partials for
coefficients of any single layer model by applying the chain rule. Exploiting this fact, any
single layer model can extended for 3-dimensional Chapman Profile applications.

Regarding the geometrical aspects treated in the previous section and Equation (26), the
TEC and its partial with respect oy, which are both obtained via integration along the
profile, can be expressed by the following summation formulae for practical use:

nstep -z
(1-sex, ;& ")

(1-sex,_y, De_zp_l)D
TEQH = Ng(HOY EJEZ_EHCOSXP 1pl® —COSXp_1,p [ pip o (27)
p:l p- l p D
and
nstep -z Zp_1
6TECXH — (]-_Seo(p—l‘p[e p) (]-_Seg(p—l‘p[e )
ah, __DZ Tszp_l_pcgcosxp 1plE —COSXp_1,plE

(28)
nstep

*NoH Ijzlcos.z
p:

. o
EEE(l—zp—secxp_lyp[e P 07, e(l—zp-1—590(p_1,p|:é Py 07, 4
p-Lp O hg ohg

oOoo I

and the partialsz, ,/on, anat/oh, , being needed for Summation Formula (28):

0z, -1 Z. 0 1 z,0
S = —[H+-52g  and —[Bl+—3ED
o H O O ho H O 0
The partialoaTEq(h/oN, IS trivial:
OTEC(H _ TEC(H (29)

N, No



If, for a SST measurement, the total integration path must be sub-divided into two sub-
pathes, two Chapman Profiles have to be integrated, and the final partials with respgct to
andhg are then obtained by summing up the partials of each Chapman Profile.

The partials for the receiver and satellite differential coded}iasuddi are simply:

ASHPL =P} _ 1o 285 (for GPS) ASHPL— Do)}

= - = SOc = 2.85 (for GPS) (30)
i ad

Getting Initial Values for the Unknowns

SinceNg appears linear in the Chapman Profile function (see Equation (26)), its value needs
not to be known a priori to establish the partial for it. Equation (29) shows that its partial is
the TEC value normalized thg. So using Equation (27) and summing up the TEC with
No = 1 gives the partial foNg without necessity of explicit knowledge df; itself. How-

ever, ahg-value is needed to do this summation. During the first iteratigns thus kept
fixed to some initial values, and only values for tg-single layer coefficients are estimat-
ed. If Ng is represented by a GE-function, this first iteration must be done in logarithmic
mode (Feltens, 1995b and Feltens, 1998). From the second iteration bp-glaameters

are then estimated together with thg-parameters, using thidy-coefficient values ob-
tained from the first (or the previous) iteration as initial values. In the kgse represented

by an extended sin-function, the hg-coefficients are kept fixed with one
(Vo () (Vy)g (1), = 1 (With respect to the predefined height range given in Equation (14))
during the first iteration.

hg's role is twofold: On one hand it is estimated as an unknown, on the other hand it is
used to fix the intersection points through thg-layer in order to evaluatBly- and scale
heightH-values there, and to compute the arguneaf the Chapman Profile function. To
evaluate the intersection point$y, H andz, thehg-single layer parameters of the previous
iteration must thus be used. To makg finally conform withhg, a last iteration is made
with keepinghg again fixed, now to its recently estimated values, only estimatingNgie
parameters and the differential code bias values.

ESTIMABILITY OF Ng AND hg FROM TEC OBSERVABLES

The software tests have shown, that the Chapman Profile fits are rather insensitive against
ho-variations, and estimatdu,-parameters show only weak significance. This is obvious
when keeping in mind that TEC observables are measurements of the integral over the elec-
tron density, and this integral is the area under the electron density profile. A TEC observa-
ble thus corresponds to such an area value. And an area value alone gives only the area’s
amount, saying nothing about the area’s shape, i.e. the profile pégkcain be extracted

from the information provided by pure TEC observables only from effects caused by the
varying elevations under which these observables were made. Because for lack of corre-



sponding tracking data, the SST option could not be included into the software tests so far.
It is hoped that the inclusion of SST data will improve the situation, since SST measure-
ments are affected, depending on the geometrical conditions, by more varying parts of the
lonosphere than ground-based tracking data. Inclusion of SST data might thus improve the
resolution of profile parameters, suchhgs

The determination oNg-parameters is stable, al-single layer coefficients are esti-
mated significantly. TEC models obtained when modehiggwith GE-functions appear to
have the same order of accuracy as pure single layer GE-function fits - witimihéend-
ing to be slightly better, i.e. Chapman Profile fits are of comparable accuracy as pure
GE-function fits, but provide information on the ionosphere’s third dimension - the height.

CONCLUSIONS

A mathematical model has been worked out allowing for the 3-dimensional representation
of ionospheric TEC from TEC observation fits. These TEC measurements can be derived
from GPS dual-frequency tracking data. The ionospheric TEC is modeled as the integral
over simple Chapman Profiles with the layer of maximum electron dehgjtacting as
scaling factor and its heiglhiy as profile parameter. Both andhg, are in turn represent-

ed as global single layers. For the modelingigf special single layer functions were devel-
oped.

Since GPS-derived TEC observables represent the ionosphere’s total electron content
along signal path, no discrete electron density values are observed, but the integral over all
electron densities along the signal path. Analytical solutions for the integral over several
versions of the Chapman Profile function were found and implemented into the model. In
order to account for certain geometrical aspects, the integral over the Chapman Profile func-
tion is finally evaluated by a mixture of analytical and numerical approach.

From its conception this Chapman Profile-founded model allows the evaluation of
ground-based data as well as of SST data. However, for lack of SST data, software tests had
so far to be restricted to the evaluation of ground-based data.

All'in all the whole 3-dimensional TEC model is built up by simple mathematical formu-
lae. From the model’s and the software’s conception and structure it is possible to combine
it with every single layer and to include more complex ionosphere profiles in future steps of
software extension.

The task of this paper was the presentation of the basic mathematical algorithms realiz-
ing the 3-dimensional TEC model. Analyses of numerical results, that came out when
applying this model to TEC data fits, are presented in (Feltens et al., 1998), which is also
published in these IGS workshop proceedings.
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